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Abstract 

All indecomposable unimodular hermitian lattices in dimensions 14 and 
15 over the ring of integers in Q(v— 3) are determined. Precisely one lattice 
in dimension 14 and two lattices in dimension 15 have minimal norm 3. 

Keywords: Integral lattice, hermitian lattice, extremal lattice, unimodular lat- 
tice, root system. 

In 1978 W. Feit [10] has classified the unimodular hermitian lattices of dimensions 
up to 12 over the ring Z[w] of Eisenstein integers, where u) is primitive third root 
of unity. These lattices all have roots, that is, vectors of norm 2. In dimension 
13, for the first time a unimodular lattice without roots appears [U[3]. In [2] the 
unimodular lattices in dimension 13 are completely classified. The root-free lattice 
turns out to be unique. It has minimal norm 3, and its automorphism group is 
isomorphic to the group Z 6 x PSp 6 (3) of order 2 10 • 3 10 • 5 • 7 • 13. The remaining 
lattices all have roots; the rank of the root system is 12 in all cases. 

In this paper, we classify the unimodular lattices in dimensions 14 and 15. There 
are exactly 58, respectively 259 classes of indecomposable lattices in these dimen- 
sions. Below, we list their root systems and the orders of their automorphism 
groups. Gram matrices for all lattices are available electronically via 
www.mathematik.uni-dortmund.de/~scharlau . There is only one root-free uni- 
modular lattice of rank 14, and there are two root-free unimodular lattices of rank 
15. 

The lattices without roots have minimal norm 3; they are extremal as introduced 
for unimodular Eisenstein lattices in [SJ, Chapter 10.7. They give rise to 3-modular 
extremal Z- lattices in twice the dimension, as defined by Quebbemann in |16j . 
See [5J [TSJ HH] for more information on extremal and modular lattices and their 
relation to modular forms. In this context, the lattices classified in this paper can be 
considered as complex structures on (extremal) 3-modular lattices. The question for 
existence, uniqueness, and possibly a full classification of extremal modular lattices 
has been an ongoing challenge, both computationally and theoretically, after the 
appearance of the influential paper \W\ . 

Let V be a vector space over Q(\/— 3) with a positive definite hermitian product 
(, ). A lattice L in V is a finitely generated Z[w]-module contained in V such that 
L contains a basis of V and (x, y) £ Z[w] for all x, y £ L. More precisely, one 
calls this an integral lattice. The ring Z[w] is a principal ideal domain. Thus every 
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finitely generated torsion-free Z[a;]-module is free. The discriminant d(L) of L is the 
determinant of the Gram matrix [ai, aj) with respect to some basis a±, . . . , a n of L. 
The lattice is unimodular if d(L) — 1. The norm of a vector x € L is N(x) — (x, x). 
The minimal norm of a lattice L is min{iV(x, a;) i £ L, x 7^ 0}. Let L' 2 ) denote 
the sublattice of L generated by all vectors of norm 2 in L, the so-called roots 
of L, and let iiiiV) denote the number of roots in L. Finally G(L) denotes the 
group of all automorphisms of L which preserve the form. The group G(L) is finite. 
Every lattice can be uniquely decomposed into an orthogonal sum of orthogonally 
indecomposable lattices. In view of the known classification in smaller dimensions 
it is therefore sufficient to list the indecomposable lattices. 

We now come to the actual construction of unimodular lattices. We use various 
methods, such as representations of finite groups, lifting of linear codes, neighbour 
steps at suitable primes, and computer-assisted as well as hand computations of var- 
ious kinds. We use extensively Schiemann's computer program [5D] for calculation 
of invariants of hermitian lattices and their neighbours, and the Magma Computa- 
tional Algebra System [4]. The crucial point is the computation of automorphism 
groups, which (in both systems) is based on the work [15]. After we have con- 
structed (and distinguished) sufficiently many lattices, we use the mass formula as 
worked out in [TOj to check the completeness of our list. An easy to calculate but 
important invariant of our lattices are their root systems. Due to the well known 
classification of complex reflection groups [2lJ [5] , there exist a few additional root 
systems over Z[w] which are not defined over Z. Of course, they are familiar from 
the work on lattices of smaller dimension cited above. We use the following stan- 
dard notation for root lattices. /„ denotes a lattice of rank n with an orthonormal 
basis. Equivalently 

J„ = ((ai, . . . ,a„) I at e Z[w]) 

and if x = (ai,...,a„), y — (bi,...,b n ) then (x,y) = X)»=i a i^i- The lattices 
A n Q In+i, Eg, Ef and Eq are as usual. For a G Z[u>] define D n (a) C I n by 

n 

D n (a) = ((ai, . . . , a n ) \ a { <E Z[uj], ^ a, = (mod a)). 

i=l 

Finally, 

U 5 = (A 5 , (lA/=3)(l,wV,l,w,a; 2 )), 
Ue = (D 9 (V=S), (1/V=3)(1,...,1)). 

The lattice Uq is unimodular, and U5 has discriminant 2. 

The root systems of the lattices classified in this paper are given in Tables 1-3 
below. For the most of lattices in dimension 14, we give "glue vectors" (additional 
generators) [5] together with the root systems. 

In Table 1 we have collected separately all lattices which are constructed from 
self-dual codes of length 14 over F 4 . These codes have been classified in [HI U3] - Let 
ip denote the composite mapping Z[ui] — > Z[w]/2Z[w] = F4. Then for any self-dual 
code C of length 14 over F4 the lattice 

L = -y=((ax, . . . , an) e In \ (f{ai), . . . , ^( a i4)) € C) 

is a unimodular lattice of rank 14. In particular, lattice No. 10 comes from a 
quadratic residue code [TH [22 of length 14. 

Now we come to a particular construction of a unimodular lattice of rank 15. 

Lemma 1 The exterior square Ue A Uq is a unimodular lattice of rank 15 and 
minimal norm 3. 
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Proof: Our proof is similar to the proof of Theorem 2.1 from [S]. Any element 
a S UqAUq can be written in the form a = 5Z i=1 XiAyt, where r < 3 and a?i, . . ., x ri 
y±, . . . ,y r are 2r linearly independent vectors in U§. The lattice generated by 
x%, . . . , x r , yi, . . . , y r depends only on a. We have 

(r r 
1=1 j = \ 

= Tr(AB-CC), 

where A = ((xi,Xj))i< if j< r , B = {{yi,Vj))i<i,j<r and C = ((xi,yj))i<i t j< r . Define 



H ~ ' l C B ) ' J ~ { -I r 



Then H is the hermitian matrix of the lattice Li r and 

(a, a) = ^TiiH'lHJ) > y|#| 1/2r ■ flHJ^ = r\H\^ r , 

where we used the inequality Tr(MiV) > mlMj 1 / 7 ™! N I 1 /" 1 valid for any hermitian 
positive definite matrices M, N of degree m (it can be proved similarly to the proof 
of Lemma 7.1.3 in [11). Now we show that (a, a) > 3. Indeed, for r = 3we have 
(a, a) > 3 • liJl 1 / 3 > 3; for r = 2 we have (a, a) > 2 • {Hi 1 ? 2 > 2; for r = 1 we have 
(a, a) > 1 • \H\ — d(L2r) > 3. Finally, it is easy to construct an element a of norm 
3: take a — x A y with (x, x) — (y, y) — 2 and (x, y) = 1. □ 

Theorem 1 There are 58 hermitian indecomposable unimodular lattices over Z[o>] 
o/ dimension 14. TTiey are listed in Tables 1-2. One of them has no roots; the 
remaining lattices have root systems of ranks 6, 8, 10, 11, 12, 13 and 14. The root- 
free lattice Lq has minimal norm 3 and automorphism group Zg x G2(3).2 of order 
2 8 -3 7 -7-13. 

Theorem 2 There are 259 hermitian indecomposable unimodular lattices over"Z[uj] 
of dimension 15. They are listed in Table 3. For any integer r from to 15 there is 
an indecomposable unimodular lattice of dimension 15 with root system of rank r. 
There are only two root-free lattices. They have minimal norm 3. One of the root- 
free lattices is isometric to the exterior sguare Uq A Uq and has automorphism group 
1*2 x 3.U4(3). 2 of order 2 9 • 3 7 ■ 5 • 7. The second root-free lattice has automorphism 
group Z 2 x (3++ 2 x 3V +2 ).SL2(3).2 of order 2 5 • 3 7 . 

Proof: Let (5„ be a complete set of representatives of the isomorphisms classes of 
lattices of rank n and discriminant 1. Let ©° be the set of all those lattices in ©„ 
which contain no element x with (x, x) = 1. Define 



\G(L)\' y ' ^ n \G(L)\' 

These quantities can be calculated by in principle well known formulas: the mass 
formula for positive definite hermitian lattices, and a similar formula for average 
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representation numbers like fi2- In our situation these formulas have been made 
explicit in [10j . and one can calculate 

_ 689532652191539 1722885336811913 

Ml4 ~ 2».3W.53.11 ' Mu{2) - 223.3i7.53.il ' 

902121810728981 321547203435163 
F 14 - 024 014 ca -72 11 10' ^14(2) 



2 24 . 314.53. 72. 11.13' "w 2 22 -3 12 • 53 • 11 ■ 13' 
4366489808207046403 1884491476714586441 
15 ~ 2 26 . 321 . 53 . n ' M ^ 2 ) - 2 24 • 3 18 • 53 • 11 1 
_ 3619970721202760389 _ 312324214206248801 

15 — Ol8 Q2T) C3 -72 7t To' r 15l^J — 



2 i8 . 320 . 53 . 72 . n . 13' «v / 2 16 • 3 17 • 5 2 • 7 2 • 11 • 13 ■ 
Now we use an explicit list of Gram matrices of the constructed lattices. We use 
Schiemann's computer program and the Magma Computational Algebra System to 
calculate H2{L) and |G(L)| in each case. Then a straightforward check of the mass 
formulas for Y14 and Y15 confirms the completeness of our list. The formulas for 
li4(2) and ^15(2) give an additional check (ignoring the lattices without roots). 

We now determine the structure of the automorphism groups of the three root- 
free lattices. The group G2(3).2 has a representation of dimension 14 over Q(\/— 3) 
(see [7]) and it acts on a lattice L of rank 14 over Z[u>]. Now results of [14] on 
rational maximal finite matrix groups in dimension 28 imply that this lattice is 
unimodular, and therefore is isometric to our root-free lattice Lq. The factor Zg in 
G(Lq) comes from roots of unity in W,[uj]. 

Now we come to the automorphism group of the root-free lattice Uq A Uq intro- 
duced in Lemma 1. Recall that Aut(Ue) = 6.U4(3).2. There is a natural homo- 
morphism ip : Aut(Us) 1— ► Aut(C/e A Uq), given by ip{a){x A y) = o{x) A a(y) with 
Ker if = {±id}. Therefore, Aut(C/ 6 A U 6 ) 2 3.U 4 (3).2. But {±id} • ip(Aut(U 6 )) is 
a group of order 2 9 • 3 7 • 5 • 7. The known orders of the two automorphism groups 
of root-free lattices in dimension 15 show that this group must be the full group. 
Therefore, Aut(C/ 6 A U 6 ) = Z 2 x 3.U 4 (3).2. 

The structure of the automorphism group of the second root-free lattice, of order 
2 5 • 3 7 was determined with the help of Magma. □ 
The extremal 3-modular Z-lattice in dimension 28 coming from our root-free 
lattice in dimension 14 appeared for the first time in [14] since its automorphism 
group is a rational irreducible maximal finite subgroup of GL2s(Q). The two root- 
free lattices of rank 15 have been found by A. Schiemann ([20J, also mentioned in 
[18]). using a sophisticated computer search for lattices with large minimum. 

We want to add some comments on algebraic techniques for lattices which are 
related in one or the other way to the automorphism group. One of the most 
important algebraic techniques for lattices is "gluing" , which in the most general 
case means: (re)construction a lattice L from a known, "simpler" sublattice M. 
Then L is generated by M and certain additional vectors, called glue vectors. If M 
has the same rank as L, that is, generates the vector space V, the glue vectors must 
come from the dual lattice M# , which can be analyzed once for all. Typically, M is 
decomposable while L is not, so the additional vectors "glue the components of M 
together", this is where the terminology comes from. An important choice for M 
is the lattice L^> generated by the roots. Then M is characteristic, that is Aut(L) 
acts on M, and is a subgroup of Aut(M) if M is of full rank. If M is not of full 
rank, it must be glued with a lattice on its orthogonal subspace. Here are two cases 
where the rank of the root system is very small. 

Let us consider the unimodular 15-dimensional lattice A (No. 257) with root 
system A2. This lattice is obtained by gluing of a 2-dimensional lattice with root 
system A2 and a 13-dimcnsional lattice A' with discriminant 3. Computations on 
Magma and [7j show that Aut(A) = 6.(S 3 x PSL 2 (27).3). Therefore Aut(A') = 
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6.(PSL2(27).3) and A' is associated with the irreducible complex character of the 
group PSL2(27) of degree 13. It is the Weil character and it can indeed be realized 
over Z[u>] (see [IT]). 

Similar reasoning shows that the 15-dimensional unimodular lattice No. 259 with 
root system A\ has automorphism group 6.(S2 x PSL2(13)) and it is obtained from a 
14-dimensional lattice of discriminant 2 with automorphism group 6.PSL2 (13). This 
lattice generates an irreducible complex character of the group PSL2(13) of degree 
14 (the case of complex character of degree 13 is excluded since the description 
PQ of hcrmitian lattices of dimension 13 associated with the irreducible complex 
character of the group PSL2(13) of degree 13 shows that this case is impossible). 

Of course, root sublattices and their complements are not the only choice for 
characteristic sublattices. If the automorphism group is already known, one could 
proceed as in the following example. The complex representation associated with the 
action of the automorphism group Z2 x (3^ +2 x 3^_ +2 ).SL2(3).2 on the 15-dimensional 
root-free lattice L2 is reducible, and is a sum of two irreducible representations of 
degrees 6 and 9 defined over Q(V— 3). And the complex representation, associated 
with the action of the subgroup Z2 x (S 1 ^ 2 x 3 1 ( +2 ).SL2(3), is a sum of three ir- 
reducible representations of degrees 3, 3 and 9. This decomposition gives rise to 
invariant sublattices of L2, and using the general method of gluing it should be 
possible to obtain a computer- free description of L^. 

Obviously, root lattices cannot be used directly to obtain lattices with minimal 
norm 3 or larger. But one can use a scaled copy of a root lattice as in the following 
example. We start with a root system over Z, and in addition to scaling we also 
use the larger ground ring Z[u;]. Let n be of the shape n = 2rf for some r € Z[lo]. 
Let C be a self-dual code over F4 of length n and 

A = ((ai,...,a„) G^4„_i | (<p(ai), . . . , <p(a n )) G C) + -((1 - n, 1, . . . , 1)). 

r 

Then -4= A is a unimodular hermitian lattice of rank n — 1. This construction had 

been used in [2] to obtain the root-free lattice in dimension 13. It can also be applied 
in e.g. dimension 17. 

We close with some remarks on the theta series of our lattices. There is one 
interesting observation in dimension 14 which might deserve further attention. 

Proposition 1 Any indecomposable unimodular lattice of rank 14, more generally 
any 3-modular Z-lattice of rank 28 with minimum > 2 has exactly 17472 = 2 6 -3-7T3 
vectors of norm 3. 

Proof: (See [TH] for the method): The relevant algebra M*(3,x) of modular 
forms (where x is an appropriate character) is generated by the cusp form A 3 (q) = 
i](q) 6 r](3q) 6 of weight 6 and the theta-series #3 := 0a 2 of the A2-root lattice, of 
weight 1. A linear basis for the space A4i4,(3,x) of forms of weight 14, containing 
the theta-series of the lattices in question is the following: 

Of = 1 + Mq + 3276<? 2 + 78708 g 3 +0{q 4 ) 

6» 3 8 A 3 = q + A2q 2 + 729g 3 +0{q 4 ) 

3 2 A 3 2 = q 2 +0{q i ) 

The theta series of a lattice without vectors of norm 1 is of the form 

Of - 840 3 8 A 3 + c0 3 2 A3 2 

with c given by the number of vectors of norm 2. The absence of q 3 in the third 
basis vector proves the claim. □ 
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Note that M 13 w 0.00000014 (there are 14 lattices of rank 13), M 14 w 0.000012 
(58 lattices), M i5 w 0.0045 (259 lattices), M 16 w 6.57, M i7 w 42188.20. So beyond 
dimension 15, a full classification of unimodular Eisenstein lattices might not be 
possible any more. 
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Table 1. Unimodular lattices of rank 14 (obtained from self-dual codes over F4) 



No 


L 


L (2) 


|G(i)| 




1 


<L( 2 ),i(v/=3,l,...,l)) 


D u (2) 


2 24 .3 6 .5 2 .7 2 .11.13 


1092 


2 


(L(2\y 1+ y 2 ), 
Vi e £ 7 * - E 7 


S7 2 


2 21 .3 9 .5 2 .7 2 


756 


3 


(L( 2 ),±U/=3,l,...,l) + y 3 , 

i(-V 3 3,l,...,l)+y 2 ), 

J/2 = 57=g(-5, 1, 1, 1, 1, 1), 2/3 = i(-l, 1) 


£> 8 (2)t/ 5 Ai 


2 22 .3 7 .5 2 .7 


612 


4 


(L ( - 2 \y 1 + z,y 2 + z) 
z = ±fV=3, 1,1,1), 
2/i = 2^s(-5, 1,1, 1,1,1) 


[7 5 2 D 4 (2) 


2 21 .3 n .5 2 


612 


5 


i(l 1) + fl 0) 

(1,0, . ..,0) + i(-v/^3, 1,...,1)) 




2 23 .3 5 .5 2 .7 


516 


6 


(L( 2 ), 

(10 O + flO 0) + wui + w 2 ?V9 

I/^/ZQ 1 1 ) -1 4- y, -L Vo 

2 \ v °, x , • • • , ^ji ~ yi ~ yzi 

w = |(-i,i) 


L> fi (2) 2 A 1 2 


2 21 .3 5 .5 2 


372 


7 


<£ (2) , 

(1,0,...,0) + (1,0,0,0) + (1,0,0,0), 
(0,...,0,w) + i(l,l,l,l) + i(l, 1,1,1), 
i(l,...,l) + i(x/=3,l,l,l)) 


D 6 (2)D 4 (2) 2 


2 22 .3 6 .5 


324 


8 




£ 4 (2) 3 V 


2 21 .3 5 


228 














2/1 + 2/2 + 2/4 + 2/5, 










2/2 + 2/3 + ^ 2 2/4 + ^ 2 2/5, 










fl 0)9 + (u 2 O'H LdVd cu 2 v^\ 










2/1,2,3 = |(1, 1,1,1), 2/4,5 = ^(-1,1) 








9 


(1, 0, 0, 0)i + 2/3 + 2/4 + WJ/5 + WJ/6, 

|(1, 1, 1, l)i + Lu 2 y 2 + uj 2 y 3 + y 4 + 2/5, 
(1, 0, 0, 0) 2 + 2/2 + ^2/3 + 2/5 + W2/6, 
|(1, 1, 1, 1)2 + 2/2 + 2/3 + ^ 2 2/4 + ^ 2 2/5, 
2/1 + 2/2 + 2/3 + 2/4 + 2/5 + 2/6), 
2/i = i(-l,l) 


£ 4 (2) 2 V 


2 20 35 


180 


10 


(L (2) , aij/i H h ai42/i4) 

2/i = i(-l,l), 

(ai, . . . ,0:14) mod 2 e <2-R(14) 


V 4 


2 16 .3 2 .7.13 


84 
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Table 2. Unimodular lattices of rank 14 



No 


L 


L (2) 


\G(L)\ 


ML) 


11 


Ln 





2 8 .3 7 .7.13 





12 


(L( 2 ), 7 L 5 (l,...,l) + y 2 ), 


£> 8 (v/=3)£ 6 


2 15 .3 14 .5 2 .7 


720 


13 


(L( 2 ),(2 + A /^3)y 1+2/2 ), 

Vl = J-(-13, 1, . . . , 1), y 2 = i(-l, 1) 




2 13 .3 6 .5 2 .7 2 .11.13 


552 


14 


Complex conjugate of 13 








15 


(L< 2 \ (1,0, 0,0, 0,0) + 2/2 + 2/3, 
^(l,l,l,l,l,l)-v/=3i/ 3 >, 
V2 € E*-E 6 , y 3 = i(-2, 1,1) 


D 6 { V ^3)E 6 A 2 


2 13 .3 13 .5 2 


504 


16 


(-11, 1, . . . , 1) + ^P(-3, 1, 1, 1)), 


An A3 


2 14 .3 7 .5 2 .7.11 


432 


17 


(L^,V^yi + y2), 

yi = l(-8,l,... 7 l),y 2 eE*-E 6 


A 8 £ 6 


2 15 .3 9 .5 2 .7 


432 


18 


( TA ' 7/i -1- lln -\- Hi ?/i — 7/n 4- 7//i } 

\ ±j 7 yi ~ //2 \ ys-) yi yi \ yA/ 

yi,2 = ^(l,..., 1), 1/3,4 = |(-2, 1,1) 


Z)^(a/^3) 2 A9 2 


2 n .3 13 .5 2 


396 


19 


(L( 2 )® (x), 

2/1 + 2/2 + fx, (1,0,0,0,0) + 

2/1 — 9 (— 0, 1, . . . , l), 

n .„ 1 fi 1 1 1 iWt i>i-o 

2/2 — I 1 ' i ' X ' i ' L )> \ X ' X ) ~ y 


A 8 £» 5 (\/=3) 


2 n .3 10 .5 2 .7 


396 


20 


(L< 2 ), (2 + V=3)yi+j/ 2 ), 
W = |(-7,l,...,l) 


V 


2 15 .3 5 .5 2 .7 2 


336 


21 


( J L( 2 ),yi + 2V^32/ 2 +2/ 3 ) 

2/2 = i(-4,l,...,l),y 3 = |(-l,l) 


A 9 A 4 A X 


2 13 .3 6 .5 3 .7 


336 


22 


(LW®(x), 

(2 + V^3)?/i + \/=3y2 + ^se), 

2/1 — 9 I °> x ) • • • , J-Ji 

?io — ifl 11 Cr rl — 36 
,</2 — 2 \ ' '**'/' l x , ■'v — du 


A 8 D 5 (2) 


2 15 .3 6 .5 2 .7 


336 


23 


Complex conjugate of 22 








24 


V-3yi + \/-3j/2 + 2/3 + ^>, 

2/i = ±(-6,1,..., 1), 2/2 = 7=3(1,. ••,!), 
2/3 = |(-2, 1, 1), (x,x)=84 


A 6 D 5 (2)A 2 


2 13 .3 5 .5 2 .7 


264 


25 


2/1 + 2/3 + ^i^, 2/2 + 2/3 + ^ E1 ^>, 

2/i = i(-7,l,...,l),2/2 = |(-5,l,...,l), 
2/3 = ±(-M), (*,*) = 24 


A?A 5 Ai 


2 13 .3 5 .5 2 .7 


264 


26 


Complex conjugate of 25 
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Table 2. Unimodular lattices of rank 14 (continued) 



1NO 


T 

±j 


r(2) 






27 


(L^ © (*>, 

2/1 + 2/3 + 2+ i^ x i 2/3 + 2/4 + \x, y 2 + \x), 

J/i = ±(-7,l,...,l), y 2 = ^=(l, 1,1,1), 

J/3, 4 — 2 V 1 ' V X ' X > — 24 


A 7 £> 4 (\/=3)V 


2 13 .3 7 .5.7 


288 


28 


J/i +2/2 +2/3,2\/^3(2/i - 2/2)), 

„, 1 ( C 1 1 \ „, 1 /I 1 T 1 ^| 

2/1,2 — 6 V 5 ' ■ ■ ■ > J-Jj J/3 — U, 1, lj J-J 


A 5 2 D 4 (y=3) 


2 13 .3 9 .5 2 


288 


29 


(L< 2 ) © (x), 

2/1 + \/ z 32/2 + 2/3 + ^2;), 

2/i = ±(1,1, 1,1,1), 2/2 = ±(-4, 1,1, 1,1), 

2/3 = ^=5(1,1,1,1), (x,x)=60 


D 5 (2)^ 4j D4(v /z 3) 


2 14 .3 7 .5 2 


288 


30 


(L( 2 ) © (or) © (z), 

27i + \/ = 3j/2 + 3X, |(V^3, 1, 1, 1) + 5X, 
V-3yi + 2/2 + §«, f(— s/ 1 ^, 1, 1, 1) + \z), 
2/1,2 = -7=3(1, 1,1, 1), (x,x) = 6, (z,z) = 6 


£ ) 4(V 3 3) 2 -C ) 4(2) 




288 


31 


(LW®{x)®(z), 

2/1 + V^3y2 + fx, V^32/i + 2/2 + f 2), 
W = i(-6,1,...,1), (x,x)=7, (*,*) = 7 




2 10 .3 5 .5 2 .7 2 


252 


32 


(L( 2 ) © (x) © (z), 

3>/=3i/i + 2/2 + |(\/ = 3, 1, 1, 1) + ^x + \z, 

g(— \/— 3, 1, 1, 1) + X — g Z), 

2 / 1 = i(-6,l,...,l),y 3 = |(-2,l,l) 
(x,x) = 42, (z,z) = 6 


^6^2^4(2) 


2 12 .3 6 .5.7 


216 


33 


2/1 + 2/2 + 2/3 + 2/4, 2y 2 + wj/3 - V^Zuy^} 
J/1,2 = |(-5, J/3,4 = |(-2, 1,1), 




2 12 .3 7 .5 2 


216 


34 


(L( 2 ) © (x), 

2/1 + 2/2 + 3X, y 3 + ^x, 2V^3(2/i - 2/2)) 
2/ li2 = i(-5,l,...,l),y3 = i(-3, 1,1,1), 
(x,x) = 12 




2 13 .3 6 .5 2 


216 


35 


Complex conjugate of 34 








36 


(L( 2 ) © (x) © (z), 

2 % /=3t/i + y 2 + fx, 5(\/=3, 1, 1, 1) + \x, 
yi + 2V^3j/ 2 + |(1, -1, 1, \/=3) + \z), 
2/1,2 = |(-4,1,...,1), 
(x,x) = 10, (z,z) = 10 


A 4 2 D 4 (2) 


2 14 .3 4 .5 2 


192 
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Table 2. Unimodular lattices of rank 14 (continued) 



No 


L 


L (2) 


IG(X)I 




37 


(L^ © (x), 

2yi + \/ 3 32/2 + 2/3 + 2/4 + ^jx, 

3o>2/i + 2y 3 + y 4 ), (x, a;) = 60, 

yi = i(-5,l,...,l), 2/ 3 = !(-3, 1,1,1), 

2/2 = i(-4,l,l,l,l), 2/4 = |(-l,l) 


A^AdA-iAi 


2 12 .3 5 .5 2 


192 


38 


Complex conjugate of 37 








39 




w 


2 12 .3 5 .5 2 


192 


40 




D 3 (7=3)^ 2 4 


2 io_ 3 i2 


180 


41 




A^ 3 (V^3)^ 2 2 


2 9 .3 9 .5 


180 


42 




^ 4 2 D 3 (>/=3)A 1 


2 10 .3 6 .5 2 


180 


^0 




n.< c >\n„l^/ T1 2 


ol3 ol0 

z .0 


lOU 


AA 


/ T (2) fp. / \ m / \ 

■j /_ 1 O , / Q j /_ 1 _ ry 1 1 'j / . 1 1 ry 

2/1 T <J£/2 T jjJ-, J/3 T 2/4 T 3X, 

a / — / 1 4— i /n 4— 7 ? /o — 7 / *i 4— — y \ 
J 2/l 2/2 15^1 f3 2/4 r 3^/) 

?/t o — if— 4 1 iWr t) — 15 
« 3 4 = if — 2 11) Cz, z) = 15 


4, 2 4o 2 
/14 /1 2 


9 10 o5 c2 
z .0.0 


100 


45 


(l^ © (x) © (0) © (u) 

2\/ — 3f Ul — Vo) ~\- ~\- hli + ttttX 

v ^ v" -L i/-^7 1 yo 1 2 20 1 
2\/^3(yi + yo) + 2w 3 + + ^2), 

V " \ y 1 if 4 / ' if O ' ^ 20 ' 

V12 = f(-4,1,...,1), (x,x) = 20, 

% = i(-3, 1, 1, 1), (2, z) = 20, (u, u) = 4 


Azl 2 A3 


2 n .3 4 .5 2 


156 


46 






2 13 .3 4 .5 


144 


47 






2 i5 35 


144 


48 






2 12 .3 5 


120 


49 




w 


2 13 .3 5 


120 


50 


Complex conjugate of 49 








51 




A2 6 


2 9 .3 9 


108 


52 






2 10 .3 7 


108 


53 




W 


2 n .3 6 


108 


54 




W 


2 io 35 


84 


55 




W 


2 n 3 5 


72 


56 




V 


2 8 .3 9 


72 


57 




A 8 


2 13 .3 2 .7 


48 


58 




A 6 


2 13 .3 4 .5 


36 
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Table 3. Unimodular lattices of rank 15 



No 


L (2 > 


\G(L)\ 


M2(i) 


1 





2 9 .3 7 .5.7 





2 





2 5 .3 7 





3 




2 .3 .5 .7 .11.13 


1890 


4 


A,(V^3)L> 6 (V=3) 


n 1 i 1 4 r'i. r, 

2 .3 .5 .7 


918 


5 


E 7 D 7 {sf=3) 


2 i5 .3 .5 .7 


756 


6 




2 i0 .3'.5 .7 .11.13 


720 


7 




2 12 .3 7 .5 3 .7 2 .11.13 


630 


8 


complex conjugate of 7 






9 


L>9(2)L> 5 (V = 3) 


2 i9 .3 .5 .7 


612 


10 


A & D 7 {s/-2>) 


2 .3 .5 .7 


594 


11 


t~\ / / o\ r~\ / I o\ i "i / / ii\ 

£>6(V = 3)-D6(V = 3)-D3(V = 3) 


2 .3 .5 2 


594 


12 


A 9 U 5 


2 iD .3 .5 .7 


540 


13 


A T - A / / O \ T T 

A 5 D 5 (V=3)U 5 


2 ib .3 i2 .5 ci 


540 


14 


E 6 U 5 D 3 (V-3) 


2 i0 .3 .5^ 


540 


15 


A U D 4 (y/=3) 


r\ 1 zl olD r-9 ct 1-1 

2 i4 .3 .5 .7.11 


504 


16 


A s D 6 (V-3) 


— ^19 ^19 -9 -t 

2 12 .3 12 .5 2 .7 


486 


17 


D 7 (2)E 6 


— ^"ly 0^! i-9 w 

2 18 .3 8 .5 .7 


468 


18 


A u D 3 (V-3) 


2 12 .3 9 .5 2 .7.11 


450 


19 


A 9 D 5 (V-3) 


2 12 .3 1(, .5 ci .7 


450 


20 


complex conjugate of 20 






21 


A 8 E 6 


2 ib .3 9 .5 2 .7 


432 


22 


D e (V-3)D*(V-3) 


2 9 .3 18 .5 


432 


23 


U 5 D 4 (V-3)D 4 (V-3) 


2 15 .3 :M .5 


432 


24 


D 7 (2)A 7 


2 18 .3 5 .5 2 .7 2 


420 


25 


D 6 (2)D 5 (V-3)A 3 


— ^ 1 {-, ~ (*i _ 9 

2 lb .3 9 .5 2 


396 


26 


A w Ai 


2 12 .3 6 .5 3 .7.11 


390 


27 


A 5 D 5 (V-3)Di(V-3) 


— 7TT\ — ^19 _9 

2 11 .3 12 .5 2 


378 


28 


A 9 A 5 


2 1J .3 7 .5' ;i .7 


360 


29 


complex conjugate of 28 






30 


A 7 D 6 {2) 


2 17 .3 5 .5 2 .7 


348 


31 


A 6 D 5 (V-3)A 3 


— 7m — a a - 9 — 

2 n .3 9 .5 2 .7 


342 


32 


A s A e 


2 12 .3 Y .5 2 .7 2 


342 


33 


complex conjugate of 32 






34 


A 8 D 4 (V-3)A 2 


2 12 .3 10 .5.7 


342 


35 


complex conjugate of 34 






36 


A S D 5 (2) 


2 15 .3 6 .5 2 .7 


336 


37 


D 5 (V-3)D 4 (2)D 4 (2) 


2 17 .3 1(, .5 


324 


38 


D 6 (2)A 5 D 3 (V-3) 


2 15 .3 8 .5 2 


324 


39 


A 8 D a (V-3)A 3 


2 12 .3 9 .5.7 


306 


40 


A&A 5 


2 i2 .3 Y .5 2 .7 


306 


41 


complex conjugate of 40 






42 


A 7 A 6 


2 i2 .3 b .5 2 .7 2 


294 


43 


complex conjugate of 42 
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Table 3. Unimodular lattices of rank 15 (continued) 



No 




\G(L)\ 




44 


DkC2\ Da (\/ — ViAa 


2 U .3 7 .5 2 


288 


45 




2 12 .3 9 .5 2 


288 


46 




2 ls) .3 4 .5^ 


276 


47 


AaA^Dn(\/ — '\l 


2 10 .3 8 .5 2 .7 


270 


48 


Aa Da (^/ — 'DAo 


Zi .0 . U . 1 


270 


AQ 




9IO oil c 


97D 
u 


ou 


r>.(*/ 1\T~i.(*/ "i\ A„ A„ A„ 
tJ 4 \V — o)LJ 4 \y — o)/i 2 /i 2 /i 2 


oil ol3 
Z .0 


z / U 


01 


Dot,/ 1\ b 


98 0I6 c 




UZ< 


A„ A„ A 


oil Qt) 72 
Zi .O.U.I 




uo 


pnm nl p>~v pnniiifrntn at SO 
L-UIIIJJIL^ L-UI1J Ll^clLc Ul OZi 






^A 
Ol 


A- A , A ^ 


o!4 ob 7 
z .0 .u . / 




oo 




ol3 o5 c2 7 
z .0 .u . / 




uu 


pmnTi pv pnnin fffi to f~iT 

L.U11J LL^dlL. Ul OO 






U i 


A „ A^ 4 i 


oil) o5 i-:2 72 

Zi .O.U.i 


9^8 
600 


uo 


Dr(0\DJ0\D„(^/ 1\A-, 


0I6 o7 c: 
z .0 .0 


9 C ,9 




4, 4, n. o\ 


9I6 o7 c2 
Zi .0 . u 


9^9 


fin 


/I7/I4/I2 


ol2 o5 C2 7 
z .0.0./ 


OAR 


u X 


Dx(1\ Aa Aa 


ol4 o4 l-3 
Zj .0 . u 


240 


6? 


DcO\ Aa Aa 


oI5 o4 c3 
Zj .0 . u 


240 


63 


A-iAiAi 


2 15 .3 5 .5.7 


240 


64 


Ak Da(\/— 1,AiAn 


2 1,, .3 !) .5 


234 


65 


Aa AaDa(\/ — ?>\A^ 
jT-4 jT-4 -*-^4 \ V '-J y jj- 1 


2 n .3 7 .5 2 


234 


66 


>4« 4c 4o 

^T-o -^5 -^-2 


2 i0 .3 6 .5 2 .7 


234 


67 


4*4r An 

S±Q ^1-5 


2 1U .3 6 .5 2 .7 


234 


68 


pnmnlpY rnnincflto of fS7 






6Q 




9II 08 c2 

Zj .0 . U 


234 


70 








71 


D^(9) Ao Ao Ao 


917 06 c 
Zj .0 . u 


228 


72 


An. Aa Ao 


2 li .3 b .5 2 .7 


222 


73 


L.UI1J LL^CllL. Ul t Zi 






74 

J 4: 


D, (a./ — 1\ Ao An An 

u 4 \y 0)si 3 s± 3 s± 3 


914 q9 

Zj .O 


216 


( u 


Da (0\ Da (■»/ — X\ An 4o 


913 olO 
Zi .0 


91 fi 


76 


D i (VS)D 3 (V-3)A 2 A 2 A 2 


2 y .3 w 


216 


77 


A 5 D 3 (V-3) 2 A 2 


2 y .3 n .5 


216 


78 


A 6 D 3 (V-3)A 2 A 2 


2 9 .3 8 .5.7 


216 


79 


A 6 D 4 (2)A 2 


2 12 .3 6 .5.7 


216 


80 


A 5 A 5 A 3 


2 i2 .3 y .5 2 


216 


81 


A 5 A 5 A 3 


2 13 .3 6 .5 2 


216 


82 


complex conjugate of 81 






83 


A 6 A 4 A 2 A! 


2 10 .3 5 .5 2 .7 


210 


84 


complex conjugate of 83 






85 


A 5 A 4 A 4 


2 n .3 5 .5 3 


210 


86 


complex conjugate of 85 






87 


4s£> 4 (2)4,Ai 


2 lf> .3 5 .5 


204 



13 



Table 3. Unimodular lattices of rank 15 (continued) 



No 


IP) 


\G(L)\ 




88 


A 6 A 3 A 2 A 2 


2 10 .3 b .5.7 


198 


89 


A 5 A 5 A 2 


2 11 .3 v .5 a 


198 


90 


A 5 A 5 A 2 


2 li .3 b .5 2 


198 


91 


complex conjugate of 90 






92 


A 5 A 3 D 3 (V-3)A 2 


2 10 .3 8 .5 


198 


93 


complex conjugate of 92 






94 


A h A 4 A 3 A x 


2 V2 .3 b .5' 2 


192 


95 


complex conjugate of 94 






96 


A 4 A 4 D 4 {2) 


2 14 .3 4 .5 2 


192 


97 


complex conjugate of 96 






98 


A 5 A 4 A 3 


2 n 3 b .5 2 


186 


99 


A 5 A 4 A 3 


2 11 .3 b .5" 


186 


100 


A 5 D 4 (2)A 1 A 1 A 1 


2 i4 .3 b .5 


180 


101 


D 4 (2)D 3 (^)A 3 A 1 A 1 A 1 


2 14 .3 7 


180 


102 


D 4 D 4 (2)A 3 


2 iV .3 b ' 


180 


103 


A 3 A 3 A 3 A 3 A 3 


2 i8 .3 7 .5 


180 


104 


A 4 A 4 A 4 


2 i0 .3 b .5 3 


180 


105 


complex conjugate of 104 






106 


A 5 A 4 A 2 A 1 


2 lu .3 b .5 2 


174 


107 


A h A 4 A 2 A x 


2 i(, .3 b .5 2 


174 


108 


complex conjugate of 107 






109 


A 4 A 4 A 3 A 2 


2 il .3 5 .5^ 


174 


110 


complex conjugate of 109 






111 


A 4 D 4 (2)A 2 A 2 


2 12 .3 5 .5 


168 


112 


A 4 D 4 (2)A 2 A 2 


2 i3 .3 b .5 


168 


113 


A 4 A 3 A 3 A 3 


2 i4 .3 b .5 


168 


114 


AsAaAaAt 


2 ia .3 b .5 


168 


115 


complex conjugate of 114 






116 


A 4j D 3 (V-3)A 3 AiAi 


2 i(, .3 b \5 


162 


117 


A 3 A 3 A 3 D 3 (V-3) 


2 n 3 8 


162 


118 


A 3 A 3 D 3 {V-3)A 2 A 2 


2 n .3 8 


162 


119 


A 5 A 2 A 2 A 2 A 2 


2 9 .3 8 .5 


162 


120 


D 3 (V-3)D 3 (V-3)A 2 A 2 A 2 


2 7 .3 12 


162 


121 


A 5 A 3 A 2 A 2 


2 i,, .3 b \5 


162 


122 


complex conjugate of 121 






123 


A 4 A 4 A 3 A X 


2 n .3 4 .5^ 


162 


124 


complex conjugate of 123 






125 


A 4 A 4 A 2 A 2 


2 i(, .3 b .5 2 


156 


126 


D 4 {2)A 3 A 3 A X A X 


2 u». 3 4 


156 


127 


A 4 A 4 A 2 A\A\ 


2 i(, .3 4 .5^ 


150 


128 


A 4 A 4 A 2 AxA x 


2 11 .3 4 .5 a 


150 


129 


A 4 A 3 A 3 A 2 


2 11 .3 5 .5 


150 


130 


A 4 A 3 A 3 A 2 


2 n .3 5 .5 


150 


131 


A 4 A 3 A 3 A 2 


2 li .3 b .5 


150 


132 


complex conjugate of 131 
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Table 3. Unimodular lattices of rank 15 (continued) 



No 


IP) 


\G(L)\ 




133 


A 4 A 3 A 3 AxAx 


2^.3 4 .5 


144 


134 


A 3 D 3 (^-3)A 3 A 2 A 2 A 2 


2«.3 y 


144 


135 


A 5 A 2 A 2 A 1 A 1 A 1 


2 n .3«.5 


144 


136 


A 4 D 3 (V-'i)A 2 AxAx 


2 y .3 7 .5 


144 


137 


A 5 A 2 A 2 A 2 


2 y .3*.5 


144 


138 


A 3 A 3 A 3 A 3 




144 


139 


D 4 (2)A 2 A 2 A 2 A 2 


2 U 3 8 


144 


140 


D 4 (2)A 2 A 2 A 2 A 2 


2 ia .3 v 


144 


141 


A 3 A 3 A 3 A 2 A 2 


2 i3 .3 v 


144 


142 


complex conjugate of 141 






143 


A 4 A 4 AxA x Ax 


2 li .3 a .5 2 


138 


144 


A 4 A 3 A 2 A 2 A 1 


2 i0 .3 b .5 


138 


145 


A 4 A 3 A 2 A 2 A X 


2 1(, .3 5 .5 


138 


146 


complex conjugate of 145 






147 


A 4 A 3 A 2 A 2 Ai 


2 1(, .3 5 .5 


138 


148 


complex conjugate of 147 






149 


A 4 A 3 A 3 A X 


2 11 .3 4 .5 


138 


150 


complex conjugate of 149 






151 


A 4 A 3 A 2 A 2 


2 y .3 5 .5 


132 


152 


A 3 D 3 {^?>)A 2 A 1 A 1 A 1 


2 y .3 7 


126 


153 


D 3 (^-3)A 2 A 2 A 2 A 2 


2 8 .3 y 


126 


154 


,43,43,43,42 


2 11 .3« 


126 


155 


A 3 A 3 A 2 A 2 A 2 


2 n .3 6 


126 


156 


A 3 A 3 A 2 A 2 A 2 


2 11 .3 B 


126 


157 


complex conjugate of 156 






158 


A 3 A 3 A 2 A 2 A 2 


2 11 .3 7 


126 


159 


complex conjugate of 158 






160 


A 4 A 3 A 2 A X A X 


2 1(, .3 4 .5 


126 


161 


complex conjugate of 160 






162 


A 3 A 3 A 2 A 2 A 1 A 1 


2 n 3 b 


120 


163 


A^AxAxAxAx 


2 12 .3 a .5 


120 


164 


A 4 A 3 A 3 A 3 Ax 


2 8 .3 B .5 


120 


165 


A 3 A 3 A 3 A x Ax 


2^.3 b 


120 j 


166 


A 3 A 3 A 3 AxAx j 


2 la .3 4 


120 


167 


complex conjugate of 166 






168 


A 4 A 2 A 2 AxAxAx 


2 y .3 4 .5 


114 


169 


A 3 A 3 A 2 A 2 Ax 


2 io_ 3 b 


114 


170 


A 3 A 3 A 2 A 2 Ax 


2 io_ 3 5 


114 


171 


complex conjugate of 170 






172 


A 3 A 3 A 2 A 2 Ax 


2 11 .3 5 


114 


173 


complex conjugate of 172 
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Table 3. Unimodular lattices of rank 15 (continued) 



No 


T 2 


\G(L)\ 




174 


A A A A A 


2 .0 .0 


1 AO 

108 


175 


A A A A 

A 3 A 3 A 2 A 2 


2 .3 


108 


17b 


A A A A A 

A3A2A2A2A2 


I .6 


1 AO 

108 


177 


AAAAAAAA 

A 3 A 3 A 1 A 1 A 1 A 1 A 1 A 1 


2 .3 


108 


178 


T^t ( 1 o\ AAA 

D3W -3)A 2 A 2 A 2 


rtfi oil 

2°. 3 


108 


179 


£>3(V-3) J D3(v-3) 


2 .3 


108 


180 


D 3 (V-3)A 1 A 1 A 1 A 1 A 1 A 1 A 1 A 1 A 1 


2 .3' 


108 


181 


A A A A A A 

A 2 A 2 A 2 A 2 A 2 A 2 


2 s . 3 J 


108 


182 


A A A A A A 

A 2 A 2 A 2 A 2 A 2 A 2 


<VI() oil) 

2 .3 


108 


183 


A 3 A 3 A 2 A 1 A 1 


nil) o4 

2 iU .3 


102 


184 


A A A A A A 

A 3 A 2 A 2 A 2 A 1 A 1 


2 y .3° 


102 


185 


A A A A A A 

A 3 A 2 A 2 A 2 A 1 A 1 


2 y .3° 


102 


186 


A 3 A 2 A 2 A 2 A l A l 


2 y .3° 


102 


187 


complex conjugate of 186 






188 


A A A A A 

A 3 A 3 A 2 A 1 A 1 


2 .3 


102 


189 


complex conjugate of 188 






190 


A 3 A 3 A 2 A 1 A 1 


2 .3 


102 


191 


complex conjugate of 190 






192 


A A A A A A A 

A 3 A 2 A 2 A 1 A 1 A 1 A 1 


2 .3 4 


96 


193 


A A A A A A 

A 3 A 3 A 1 A 1 A 1 A 1 




96 


194 


A 3 A 2 A 2 A 2 Ai 


2 y .3 t) 


96 


195 


A A A A A A A 

A 3 A 2 A 2 A\A\A\A\ 


2 .3 


96 


196 


A 3 A 3 A X A X A X 


nil o4 

2 .3 4 


90 


197 


A A A A A A A 

A 2 A 2 A 2 A 2 A 1 A 1 A 1 


2 y .3 b 


90 


198 


A A A A A A 

A 3 A 2 A 2 A 1 A 1 A 1 


2 y .3° 


90 


199 


A 3 A 2 A 2 AiA 1 A 1 


2 y .3 4 


90 


200 


A A A A A A 

A 3 A 2 A 2 A 1 A 1 A 1 


2 y .3 


90 


201 


complex conjugate of 200 






202 


A A A A A 

A 2 A 2 A 2 A 2 A 2 


2 s . 3' 


90 


203 


A 2 A 2 A 2 A 2 A 2 


2 7 .3 7 


90 


204 


complex conjugate of 203 






205 


A 2 A 2 A 2 A 2 A 2 


2«.3 7 .5 


90 


206 


complex conjugate of 205 






207 


A 3 A 2 A 2 A X A X 


2 y .3 4 


84 


208 


A 3 A\A\A\A\A\A\A\A\ 


2 15 .3 3 


84 


209 


A 2 A 2 A 2 A 2 A 1 A 1 


2«.3 5 


84 


210 


complex conjugate of 209 






211 


A 3 A 2 AiAiA 1 A 1 


2 y .3 3 


78 


212 


A 2 A 2 A 2 A 2 Ai 


2 Y .3 b 


78 


213 


A 2 A 2 A 2 A 1 A 1 A 1 A 1 


2 y .3 4 


78 


214 


A 2 A 2 A 2 A 1 A 1 A 1 A 1 


2 y .3 4 


78 


215 


complex conjugate of 214 
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Table 3. Unimodular lattices of rank 15 (continued) 



No 




\G{L)\ 


M2(i) 


216 


A 3 A 2 A 2 


2 8 .3 b 


72 


217 


A A A A A 

A 3 A 2 A 1 A 1 A 1 


2 y .3 b 


72 


218 


A A A A A A 

A 2 A 2 A 2 A 1 A 1 A 1 


2 Y .3 b 


72 


219 


A A A A A A 

A 3 A 3 A 3 A 1 A 1 A 1 


oft 

2 8 .3 b 


72 


220 


AAAAAAAA 

A 2 A 2 A 1 A 1 A 1 A 1 A 1 A 1 


2 .3 b 


72 


221 


AAAAAAAA 

A 2 A 2 A 1 A 1 A 1 A 1 A 1 A 1 


2 .3 


72 


222 


complex conjugate of 221 






223 


A 3 A 1 A 1 A 1 A 1 A 1 A 1 


2 12 .3 ci 


72 


224 


complex conjugate of 223 






225 


A 2 A 2 A 2 A 1 A 1 


2 7 .3 4 


66 


226 


A 2 A 2 A 2 A 1 A 1 


2 Y .3 b 


66 


227 


A 2 A 2 A 1 A 1 A 1 A 1 A 1 




66 


228 


A 2 A 2 A 1 A 1 AiAiAi 


2 9 .3 3 


66 


229 


complex conjugate of 228 






230 


A 2 A 2 A 1 A 1 A 1 A 1 


rt U 'J 


60 


231 


A 2 A 2 A 1 A 1 A 1 A 1 


— vrrn^ 

2 1() .3 ci 


60 


232 


AAAAAAAAAA 

A 1 A i A 1 AiA 1 A 1 AiAiA 1 A 1 


2 1J .3 .5 


60 


233 


A 2 A 2 A 2 


2 5 .3* 


54 


234 


A 2 A 2 A 1 A 1 A 1 


2 7 .3 b 


54 


235 


A A A A A 

A 2 A 2 A 1 A 1 Ai 


2 7 .3 4 


54 


236 


complex conjugate of 235 






237 


A A A A A A A 

A 2 A 1 A 1 A 1 A 1 A 1 A 1 


2 y .3 2 


54 


238 


A A A A A A A 

A 2 A 1 A 1 A 1 A 1 A 1 A 1 


2 y .3 ci 


54 


239 


complex conjugate of 238 






240 


A 2 A 1 A 1 A 1 A 1 A 1 


2 s . 3 d 


48 


241 


Ax Ax A! A! Ax Ax Ax Ai 


2 14 .3 


48 


242 


Ax Ax Ax Ax Ax Ax Ax Ax 


2 .3 .7 


48 


243 


complex conjugate of 242 






244 


A 2 AxAxAxAx 




42 


245 


Ax Ax Ax Ax Ax Ax Ax 


2 9 .3 2 


42 


246 


Ax Ax Ax Ax Ax Ax Ax 


2 y .3.7 


42 


247 


complex conjugate of 246 






248 


A 2 A x AxAx 


2 b .3 b 


36 


249 


AxAxAxAxAxAx 


2 y .3^ 


36 


250 


A 2 A 2 


2 b .3 Y 


36 


251 


A 3 


2 w .3 b ' 


36 


252 


AxAxAxAxAx 


2 Y .3.5 


30 


253 


AxAxAxAxAx 


2 8 .3 2 .5 


30 


254 


complex conjugate of 253 






255 


AxAxAxAx 


2 y .3 2 


24 


256 


AxAxAx 


2 b .3 4 


18 


257 


A 2 


2 4 .3 b .7.13 


18 


258 


AxAx 


2 lu .3 a 


12 


259 


Ax 


2 4 .3 2 .7.13 


6 



17 



